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Based on an analysis of phonon modes and the results of first-principles total-energy calculations for the

cubic, tetragonal, and orthorhombic phases of VN, a possible mechanism of the cubic �space group Fm3̄m� to

tetragonal �space group P4̄2m� phase transition at 205 K is proposed. The mechanism suggests that spontane-
ous volume and shear strains, eA=�xx+�yy +�zz and eE1=2�zz−�xx−�yy, are induced indirectly by the collapse
of the X3� mode, indicating that the tetragonal phase exhibits improper ferroelasticity. The effect of nonmetal
vacancy composition on phase transition is also discussed.
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I. INTRODUCTION

Vanadium nitride �VN� crystallizes with a NaCl-type
structure and exhibits properties inherent to refractory
transition-metal compounds.1,2 Its high melting temperature
�2050 °C�, electrical conductivity ��60–127��10−6 � cm�,
and chemical stability at high nitrogen composition
�VNx ,0.7�x�1.0� suggest that the V-N and V-V bonds are
very strong and covalent in nature, as confirmed by band-
structure calculations for VN �Refs. 2 and 3� and VNx.

4 It
was established that, in VNx, the ordering of nitrogen vacan-
cies takes place in the range of VN0.74–VN0.84 below 793 K.5

The vacancy arrangement has tetragonal symmetry; however,
the metal sublattice is cubic within the experimental
accuracy.5 A review of the electronic structure properties and
the lattice dynamics of transition-metal carbides and nitrides
has been given in Ref. 6. The most interesting peculiarity of
this compound is the cubic-to-tetragonal structural transfor-
mation at 205 K,7 the mechanism of which is still unknown.
This mechanism should account for the following main pe-
culiarities of this phase transition.7

�a� VN0.99, space group Fm3̄m, transforms at 205 K into a
tetragonal noncentrosymmetric low-temperature modifica-

tion with space group P4̄2m.
�b� The phase transition is presumably due to an elec-

tronic instability that leads to a clustering of the metal atoms
into tetrahedral units.

�c� The structural changes extend in the tetragonal low-
temperature modification: at 20 K a triclinic lattice consistent
with tetragonal symmetry was identified.

�d� At the transition point a jump in the heat capacity was
observed.

�e� VN0.97 shows no evidence of the phase transition in
both x-ray diffraction �XRD� and heat-capacity measure-
ments.

�e� The symmetry of the low-temperature structure

�P4̄2m� compared to that of the high-temperature structure

�Fm3̄m� suggests a first-order phase transition. The expected
discontinuity in the cell volume for such a transition is less
than 0.1 Å3 �however, this point needs to be clarified�.

�f� In VNx, phonon anomalies in the acoustic branch at the
X point were observed by inelastic neutron-diffraction
measurements.8

�g� At room temperature the mean-square displacement
amplitude of the metal atoms, �u2�V=0.006 Å2, is much
larger than that of the nonmetal atoms ��u2�N=0.004 Å2�.
The ratio �u2�V / �u2�N of about 0.91 at 20 K increases to 1.41
at room temperature.

In the present investigation we propose a possible mecha-
nism of phase transformation in VNx that is able to account
for most of the above-mentioned peculiarities. Our findings
suggest that spontaneous volume and shear strains are in-
duced in the tetragonal phase as a result of an indirect cou-
pling of the X3� mode to homogeneous elastic strains. This
mechanism follows from the results of first-principles calcu-
lations of the electronic structure and phonon properties of
the cubic, tetragonal, and orthorhombic modifications of va-
nadium nitrides. The investigations were carried out using a
combined first-principles pseudopotential �PP� approach and
full-potential linearized augmented plane-wave �FLAPW�
method. The paper is organized as follows. In Sec. II we
present our theoretical framework and the computational de-
tails. Section III contains the results of calculations and their
interpretation. Finally, the main conclusions are presented in
Sec. IV.

II. DETAILS OF FIRST-PRINCIPLES CALCULATIONS

Two first-principles procedures, namely, the PP approach
and FLAPW method, were employed to investigate the cu-
bic, tetragonal, and orthorhombic structures of VN and the
simple cubic �SC� �Pm3m� and body-centered-tetragonal
�bct� �I4 /mmm� structures of VN0.75. The bct structure was
selected since it represents an appropriate approximation of
the ordered phases for VN0.74–0.84.

5 The lattice constant of the
latter phases is twice as large as that of the original fcc VN.
Therefore we could not calculate these structures because of
the large number of the atoms inside the cubic unit cell
�larger than 58 atoms�. Scalar-relativistic band-structure cal-
culations within the local-density approximation �LDA� of
density-functional theory �DFT� were carried out for an eight
atom supercell of V4N4 �VN� and for a seven-atom supercell
of V4N3 �VN0.75�. The QUANTUM-ESPRESSO first-principles
code9 was used to perform the PP calculations with Vander-
bilt ultrasoft pseudopotentials to describe the electron-ion
interaction.10 In the Vanderbilt approach,10 the orbitals are
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allowed to be as soft as possible in the core regions so that
their plane-wave expansion converges rapidly. The semicore
states were treated as valence states. For the vanadium
pseudopotential, the nonlinear core corrections were taken
into account.9 Plane waves up to a kinetic-energy cutoff of
38 Ry were included in the basis set. The exchange-
correlation potential was treated in the framework of the gen-
eralized gradient approximation �GGA� of
Perdew-Burke-Ernzerhof.11 Brillouin-zone �BZ� integrations
have been performed using sets of special points correspond-
ing to the �8 8 8� Monkhorst-Park nonshifted mesh.12 Each
eigenvalue was convoluted with a Gaussian with different
widths, �, in the energy range of 0.01–0.16 Ry. The Broyden
method13 was used for the simultaneous relaxation of the
ions and the unit cell while the symmetry was preserved. The
relaxation of the atomic coordinates and of the unit cell was
considered to be complete when the atomic forces were less
than 0.05 mRy/bohr, the stresses were smaller than 10 MPa,
and the variation in the total energy during the structural
optimization iterative process was less than 0.05 mRy.

The above-described PP procedure was employed to study
the phonon spectra of cubic and tetragonal VN and VN0.75 in
the framework of the density-functional perturbation theory
�DFPT� described in Refs. 9 and 14. For fcc-based VN, in-
tegrations over the BZ were carried out using the �12 12 12�
mesh of k points, and the phonon spectra were computed
with a �8 8 8� q mesh for various smearing parameters �. In
the case of the bct VN0.75 phase, the BZ integration was done
using the �8 8 4� mesh of k points. The phonon frequencies
for the VN0.75 structures were computed with a �2 2 2� q
mesh for �=0.02 Ry. For both the stoichiometric and subs-
toichiometric compounds, the computed phonon frequencies
were interpolated on a �16 16 16� q mesh to correctly calcu-
late the phonon density of states �PDOS� using the tetrahe-
dron method.9 Another approach to lattice dynamics, the so-
called direct supercell method that was applied to VN, is
based on the force calculations via the Hellmann-Feynman
theorem in the total-energy calculations.15 The force-constant
matrices are derived from atomic forces. We have employed
the computational code PHON �Ref. 16� that requires the
atomic forces as input information. We considered the �2 2 2�
fcc supercell, in which case the phonon frequencies are exact
at the �, X, and L points. The atomic forces were calculated
with the PP method and a �4 4 4� mesh of k points. Two
independent runs of force fields have been carried out: one
for V and one for N atoms, all displaced by
�0.005 0.005 0.005�a, where a is the lattice parameter.

The FLAPW method as implemented in the WIEN97

code17,18 was used to optimize the tetragonal structure of
VN. The “muffin-tin” radii were 2.00 and 1.75 bohr for V
and N atoms, respectively. The maximum number of plane
waves is determined by the parameter RmtKmax, which was 8
�Rmt is the radius of the smallest atomic spheres and Kmax is
the largest reciprocal wave vector used in the linearized aug-
mented plane-wave �LAPW� basis set�. The semicore states
were considered as valence states, while the core states were
treated as atomiclike states. To describe the exchange-
correlation energy, the GGA �Ref. 11� was considered. The
criterion of convergence for the total energy was 0.1 mRy.
Integration over the BZ was performed using the �8 8 8� and

�4 4 4� meshes of k points for the fcc and primitive tetragonal
cells, respectively. A three-step relaxation procedure was
used to optimize atomic positions, c /a ratio, and cell vol-
ume. It was assumed that the relaxation of the free-atomic
coordinates was achieved when the atomic forces were less
than 1 mRy/bohr.

III. RESULTS AND DISCUSSION

In Fig. 1, the phonon-dispersion curves for substoichio-
metric VN0.86 derived from inelastic neutron-scattering
measurements8 are shown. A pronounced softening of the
acoustic modes near the X point is observed. The semiempir-
ical tight-binding calculations of the phonon spectrum for
stoichiometric VN allowed Weber et al.8 to establish a plau-
sible origin of the observed phonon softening. In VN, the
Fermi level �EF� lies near a twofold-degenerate W3� level
�not shown here�, and the electronic transitions at the Fermi
surface between two W3� states at the W 2� /a �0, 1, 1/2� and
2� /a �0, 1, −1 /2� points strongly increase a negative contri-
bution to the dynamics matrix for the phonon wave vector X,
2� /a �0, 0, 1�.8 A very deep phonon softening compared to
experiment was obtained, and only the introduction of nitro-
gen vacancies led to a better agreement with experiment.

To account for the effects of temperature and nitrogen
vacancies on the phonon spectrum of VNx we first calculated
the phonon-dispersion curves by using various values of
band-energy smearing �. The motivation for such an ap-
proach is as follows. The Korringa-Kohn-Rostoker-coherent-
potential-approximation �KKR-CPA� energy-band calcula-
tions of VNx �Ref. 4� showed that at small vacancy

FIG. 1. �a� Experimental phonon-dispersion curves along high-
symmetry directions for VN0.86 �Ref. 8�. Full circles and open tri-
angles and circles refer to longitudinal and transverse modes, re-
spectively. Longitudinal �full line� and transverse �dashed line�
phonon frequencies for VN calculated for �a� �=0.12 Ry and �b�
�=0.03 Ry. Full triangles are the corresponding frequencies deter-
mined using the �b� supercell direct method. “Negative” frequencies
actually mean “imaginary” �negative squared frequencies�. The la-
bels given to the acoustic modes at the X point are compatible with
those given in Refs. 19 and 20.
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compositions �1−x	0.1� the dangling-bond states are lo-
cated in a minimum of the density of states �DOS�, below
EF, and the main effect of disordering on the band energies
around EF was a band smearing and a lowering of the Fermi
level. It is also well known that, to a first approximation,
temperature effect results in a smearing of the band energies.
In order to substantiate the hypothesis of an acoustic-mode
softening around the X point that occurs upon a decrease in
temperature and an increase in nitrogen composition, x, in
VNx, we calculated the phonon-dispersion curves along high-
symmetry lines for several values of the smearing parameter
� using the DFPT. These phonon spectra are displayed in
Fig. 1. We note that the calculated dispersion curves for stoi-
chiometric VN ��=0.03 Ry� are characterized by a pro-
nounced phonon softening of the acoustic branch at the X
point. An increase in �, which implies an increase in tem-
perature and nitrogen vacancies, leads to the disappearance
of the phonon anomalies and a better agreement between
calculated and experimental spectra �cf. Fig. 1�a��. This find-
ing fairly validates our approximate scheme. Moreover, to
make sure that the phonon anomalies are not a consequence
of the accepted conditions of the PP calculations, the phonon
frequencies were calculated by using another approach,
namely, the direct supercell method.15,16 The results pre-
sented in Fig. 1�b� show that both approaches confirm the
existence of phonon anomalies. Furthermore, our dispersive
curves for VN were compared with those obtained by the
method proposed by Isaev et al.,6 and an excellent agreement
between the two results was found.

We also employed the DFPT to calculate the PDOS for
both the SC- and bct-ordered VN0.75. After structural optimi-
zation the structural parameters were a=4.063 Å �SC�, a
=4.068 Å, and c /a=2 �bct�. In the bct structure, the vacancy
arrangement has tetragonal symmetry, and the metal atoms
located in the neighborhood of a vacancy shift from their
standard positions by 0.037 Å. The total energy of the latter
structure was found to be lower than that of the SC structure
by 22 mRy/cell. In Fig. 2, we show the calculated phonon
densities of states for VNx. An increase in � leads to a no-
ticeable shift in the acoustic PDOS toward high frequencies.
The PDOSs of VN0.75 are more structured compared to those
of VN due to the vacancy superstructure. The ranges of

acoustic frequencies in VN0.75 and VN computed at large �
almost coincide, whereas the optical branch in VN is lower
compared to that in VN0.75. In order to correctly compare the
calculated and experimental PDOSs, we averaged the calcu-
lated PDOSs over 50 points to account for the observed pho-
non width.8 A comparison of the experimental and theoretical
phonon spectra is presented in Fig. 3. In the experimental
spectra, the expected van Hove singularities are washed out.
This indicates that the large phonon linewidths observed in
VNx probably persist as one approaches the stoichiometric
compound. For increasing x a pronounced softening is ob-
served. It is seen also that an increase in � has the same
effect on the phonon density of states as a decrease of x in
VNx. A good agreement between the calculated PDOS for
VN0.75 and the experimental PDOS for VN0.86 is observed.
We note that the PDOSs for VN0.75 and VN computed at
large � do not show any soft modes.

We already stressed the key role of the electronic transi-
tions between the W3� states being responsible for the pho-
non anomalies in the acoustic branch at the X point. The
closer the Fermi level is to the energy of W3� states, the
dipper the phonon anomalies are. In Fig. 4, we show the
effect of the band-energy smearing, �, on the position of EF

FIG. 2. PDOSs for VN1.0 calculated at �=0.03 and 0.10 Ry
�dashed and solid lines, respectively� and PDOS of the SC and bct
of VN0.75 �dashed and solid line, respectively�.

FIG. 3. Experimental PDOSs for VNx �Ref. 8� �scatters� calcu-
lated PDOS for VN at �a� �=0.10, �b� 0.12, and �c� 0.16 Ry �solid
lines� and calculated PDOS for bct �c� VN0.75 �dashed line�.

FIG. 4. Energy difference 
EF=E�W3��−EF and lattice param-

eter for the Fm3̄m phase as functions of �. Here and in the follow-
ing figures the line is a polynomial fit to the data points �to be
considered as a guide for the eyes�.
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with respect to the W3� level. The Fermi level gradually
moves away from the W3� level as � increases. As a result,
the frequencies of both the soft X3� �X4� in the notation of
Ref. 9� and X5� acoustic phonons increase. This finding ex-
plains to a large extent why an increase in temperature or
vacancy composition leads to a decrease in the phonon
anomalies in VNx.

8

In Fig. 4, we also present the equilibrium lattice param-
eter as a function of �. It is seen that the lattice parameter
increases with the band-energy smearing. Therefore it is con-
cluded that a reduction in the lattice constant could enhance
the phonon softening. To verify this hypothesis we investi-
gated the change in soft phonon frequencies with lattice pa-
rameter at fixed values of �. The frequencies of the acoustic
soft modes as functions of the lattice parameter are shown in
Fig. 5. We see that a change in lattice parameter a has a
noticeable effect on the soft modes for the structure com-
puted at �=0.071 Ry. It will be shown below, for this par-
ticular value of �, that a phase transition takes place. Further
reduction in � �that automatically leads to reducing a, for
example, during cooling� gives rise to phonon softening.
Since a change in � implies a corresponding change in the
lattice parameter �cf. Fig. 4�, we note that the band-energy
smearing is a more appropriate parameter than the lattice
parameter. Below we will further examine the changes in the
electronic and phonon structures with �.

The collapse of the acoustic X3� mode causes the phase
transition, whose order parameter is the amplitude of the

atomic displacements along the phonon normal coordinates.
The small group of the X point is D4h, and the star of the X
point is made of three equivalent points k1= �2� /a ,0 ,0�,
k2= �0,2� /a ,0�, and k3= �0,0 ,2� /a�. The amplitudes of the
normal coordinates related to k1, k2, and k3 vectors are Q1,
Q2, and Q3, respectively. The X3� irreducible representation
is not degenerate, so the order parameter Q associated with
the soft mode is three dimensions. Group-theoretical consid-
erations considerably restrict the number of possible low-
symmetry phases that can arise after the collapse of the
acoustic X3� mode. There are six possible crystal structures
corresponding to a different direction in the three-
dimensional space of the order parameter.19,20 Following the
notation in Ref. 20, these structures can be classified as in
Table I. We will focus on the C2 line whose symmetry is
compatible with the observed x-ray diffraction pattern of the
low-temperature phase.7 In addition, we included in the list

of possible phases the initial cubic phase P0 �Fm3̄m� to
make the structural analysis more general. Below we will
follow the phase notation presented in Table I.

When the acoustic X3� mode softens, spontaneous elastic
strains can be induced through the coupling between the
atomic displacements that correspond to one of the six direc-
tions �cf. Table I� and the macroscopic strains, i.e., between
zone-center and zone-border acoustic phonons. The free en-
ergy that specifies the phase transition can be expressed by
the following equation:

F = F�Q� + F�e,Q� + F�e� , �1�

where F�Q� is the free energy associated with the X3� mode,
F�e ,Q� refers to the coupling between the X3� mode and the
strains, and F�e� corresponds to homogeneous elastic strains.
The free-energy invariants under the symmetry operations of
O5h can be constructed21,22 as follows:

F�Q� = ��Qx
2 + Qy

2 + Qz
2� + ��Qx

4 + Qy
4 + Qz

4� + �QxQy

+ QxQz + QyQz� , �2�

TABLE I. Classification of the possible stable phases along par-
ticular directions �the order-parameter space, Q� �Ref. 20�. Q1, Q2,
and Q3 are the amplitudes of the normal coordinates of the X3� mode
that are characterized by the wave vectors k1= �2� /a ,0 ,0�, k2

= �0,2� /a ,0�, and k3= �0,0 ,2� /a�, respectively.

Direction,
Q Configuration

No. of
space group

Space
group Structure

P0 �0,0,0� 225 Fm3̄m Cubic

P1 �Q1 ,0 ,0� 129 P4 /nmm Tetragonal

P2 �Q1 ,Q1 ,0� 132 P42 /mcm Tetragonal

P3 �Q1 ,Q1 ,Q1� 215 P4̄3m Cubic

C1 �Q1 ,Q2 ,0� 49 Pccm Orthorhombic

C2 �Q1 ,Q1 ,Q2� 111 P4̄2m Tetragonal

S1 �Q1 ,Q2 ,Q3� 16 P222 Orthorhombic

FIG. 5. Frequencies of the X3� and X5� acoustic phonons in the

Fm3̄m phases computed at �=0.03 and 0.071 Ry as functions of the
lattice parameter. The vertical line denotes the equilibrium lattice
parameter for a given value of �.
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F�e� = 1/6�C11 + 2C12�eA
2 + 1/12�C11 − C12�eE1

2

+ 1/4�C11 − C12�eE2
2 + 1/2C44��xy

2 + �yz
2 + �xz

2 � . �3�

The sign of the coefficients is such that � ,� ,�0; �
	0 and � ,�0 when the temperature is above or below the
transition temperature Tc, respectively. C11, C12, and C44 are
the elastic constants. Correspondingly, eA=�xx+�yy +�zz, eE1
=2�zz−�xx−�yy, and eE2=�xx−�yy.

The term F�e ,Q� can be constructed by taking into ac-
count the following expansion for the symmetric square of
X3�:

X3� � X3� = X1. �4�

Since only eA and eE1 transform according to the X1
representation,20 expansion �4� implies that the X3� mode can
couple to these homogeneous strains. Then

F�e,Q� = AeA�Qx
2 + Qy

2 + Qz
2� + BeE1�2Qz

2 − Qx
2 − Qy

2� .

�5�

Spontaneous elastic strains in the tetragonal phase follows
from the equilibrium condition, �F /�e=0,

eA = − 3A�Qx
2 + Qy

2 + Qz
2�/�C11 + 2C12� , �6�

eE1 = − 6B�2Qz
2 − Qx

2 − Qy
2�/�C11 − C12� . �7�

In our case, the P0 to C2 transition occurs along the C2
direction and Qx=Q1, Qy =Q1, Qz=Q2, and spontaneous vol-
ume eA and tetragonal eE1 elastic strains are expected to ap-
pear as follows:

eA = − 3A�Q1
2 + 2Q1

2�/�C11 + 2C12� , �8�

eE1 = − 12B�Q2
2 − Q1

2�/�C11 − C12� . �9�

Therefore the spontaneous elastic strains, eA and eE1, are
induced indirectly by the collapse of the X3� mode, which
indicates that the tetragonal phase is improper ferroelastic.

One can easily show23 that the coupling between the soft
phonon and the macroscopic strain renormalizes the fourth-
order coefficient in Eq. �2�, making it large and negative,
whenever C11+2C12 and C11−C12 are small. As a rule, the
shear modulus C11−C12 softens at the transition
temperature,23 in which case the transition must then be first
order. Another way of explaining this first-order transition is
to consider the expansion of the free energy up to sixth order
in the order parameter and to fit the coefficients to first-
principles calculations. However, to do this in practice is
very difficult because of the existence of high-order invari-
ants and small energy differences. Instead we preferred to
focus on the geometrical optimization of several possible

structures that can arise as a result of the collapse of the
acoustic X3� mode. We performed full-energy minimizations
with respect to atomic displacements, strain parameters, and
cell volume for the seven structures listed in Table I as func-
tions of the smearing parameter �. The total energies for
these possible structures calculated for two boundary values
�=0.01 and 0.08 Ry are summarized in Table II. It is clearly
seen that all these phases are more stable than the initial
cubic structure. However, at high � the favored phase is C2,
whereas at low � the P2 phase is the most stable. Below we
will re-examine these latter structures. To simplify the struc-
tural analysis we will consider these phases in terms of
atomic displacements XV,N and ZV,N in the crystal coordi-
nates,

V�XV,XV,ZV�, V�1/2 − XV,1/2 − XV,ZV� ,

V�1/2 − XV,XV,1/2 − ZV�, V�XV,1/2 − XV,1/2 − ZV� ,

N�1/2 + XN,1/2 + XN,1/2 + ZN�, N�1/2 + XN,− XN,− ZN� ,

N�− XN,1/2 + XN,− ZN�, N�− XN,− XN,1/2 + ZN� .

�10�

Before we proceed with the detailed analysis of these
phases, let us compare the results of the calculations of the
P0, P2, and C2 structures by both methods, PP and FLAPW,
to check the reliability of the conditions that were selected
for the PP calculations. The results obtained by both methods
are presented in Table III. The FLAPW method gives larger
c /a ratios and atomic displacements than those obtained with
the PP approach. As for the rest, both approaches give simi-
lar results, which show that our PP calculations were carried
out with acceptable accuracy.

The study of structural stability of a crystal should begin
from an analysis of the Gibbs free energy that is given in our
case by

G = ET + Fvib + Fconf, �11�

where ET is the ground-state energy obtained from DFT
total-energy calculations, Fvib represents the vibrational con-
tribution to the total free energy, and the third term, Fconf, is
the configuration part of the total free-energy G. Since we
assume that the phase transition in VNx is caused by an elec-
tronic instability, we will concentrate in the following on an
analysis of the first term of expression �11�, neglecting the
vibrational and configurational contributions to the free en-
ergy.

In Fig. 6 we show the total energy, cell volume, frequen-
cies of soft modes, and structural characteristics of the C2
and P2 phases as functions of the smearing parameter �. The

TABLE II. Total energies �in mRy/unit cell� for the structures listed in Table I calculated with the PP
method for two values of � �in Ry�. The total energy of the initial P0 phase is taken as the reference energy.

Smearing, � P1 P2 P3 C1 C2 S1

0.01 −9.865 −11.376 −10.569 −11.355 −10.493 −11.315

0.08 −0.088 −0.031 −0.088 −0.027 −0.119 −0.116
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results indicate that the P0 to C2 phase transition takes place
below �=0.07–0.08 Ry. Since, for �=0.08 Ry, the total-
energy difference between the two structures ET�0.1 mRy
is comparable to the accuracy of the PP calculations, the
onset of the phase transition should be assigned to �
=0.07 Ry �ET=0.5 mRy�. The onset of phonon softening
falling on �=0.07 Ry speaks also in favor of this association
�cf. Fig. 6�b��. With a further decrease in � the C2 structure
transforms into the P2 one, indicating that the C2 structure is
not stable at low � �or temperature� in agreement with

experiment.7 In accordance with the XRD measurements,7

the low-temperature phase has a triclinic structure close to
the tetragonal one. An additional structural optimization of
the triclinic phase was performed, and it was found that the
total energy was higher than that of the P2 phase �by 0.3
mRy�. Therefore, we conclude that the low-temperature
phase could be correctly described only if the configuration
term in Eq. �11� was taken into account.

Coming back to Fig. 6 we note that, for each value of �,
the cell volume of the tetragonal phase is less than that of the
cubic structure. This means that at the transition point ��
�0.07 Ry� the volume will change abruptly, indicating that
the P0 to C2 phase transition is first order. We see from Fig.
6�b� that the X3� acoustic phonon abruptly softens at the tran-
sition point, whereas the frequency of the X5� acoustic pho-
non becomes soft at lower �, indicating that it is the X3�
acoustic-phonon softening that is responsible for the phase
transition.

Figure 6�c� shows the gradual increase in the 1−c /a ratio
and the atomic displacements for the C2 phase with a de-
crease in �. An increase in these characteristics leads to a
lowering of the total energy and to a stabilization of the C2
phase at and below the transition point ���0.07 Ry�
�ET�C2�	ET�P0�; cf. Fig. 6�a��. Above the transition point
only the cubic phase is stable, i.e., the 1−c /a ratio and the
atomic displacements tend toward zero. Thus the 1−c /a ra-
tio and the atomic displacements XV,N and ZV,N change
abruptly at the transition point, which suggests a first-order
phase transition.

The mechanism of the phase transition in vanadium ni-
tride described above predicts the phonon softening at the
transition point ��0.07 Ry. The stabilization of the cubic
structure occurs above 205 K and at a negligible deviation
from stoichiometry �
x=0.03�.7 This implies that the struc-
tures calculated at ��0.075–0.08 Ry will correspond to the
almost stoichiometric compositions: a small reduction in �
will cause the phonon softening. The results presented in Fig.
3 speak in favor of this conclusion. Indeed, an excellent
agreement between the calculated and experimental PDOSs
for the stoichiometric VN was achieved for �
�0.09–0.10 Ry. This suggests that the stoichiometric vana-
dium nitride has a considerable number of vacancies in both
sublattices.8

In Table IV we present the theoretical and experimental
structural parameters for the C2 phase. One can see that the
crystalline structure predicted by our calculations is very
close to that experimentally observed.7

TABLE III. Lattice parameter �a�, c /a ratio, and total energy of the initial cubic phase �ET� and atomic
displacements XV,N and ZV,N for the C2 and P2 structures �cf. Eq. �10��, computed with the PP ��
=0.01 Ry� and FLAPW methods. The PP, FLAPW, and experimental �Ref. 7� lattice constants for the P0
phase are 4.118, 4.132 and 4.133 Å, respectively.

Structure Method
a

�Å� c /a

ET

�mRy� XV ZV XN ZN

C2 PP 4.121 0.9981 10.493 0.0184 0.0171 0.0099 0.0092

FLAPW 4.135 0.9977 5.983 0.0220 0.0194 0.0111 0.0097

P2 PP 4.151 0.9772 11.376 0.0223 0.0114

FLAPW 4.175 0.9719 9.512 0.0248 0.0120

FIG. 6. Total energies �ET� of the P2 and C2 phases, relative to
the total energy of the P0 phase, �a� differences between cell vol-
umes 
�=��C2�−��P0�, �b� frequencies of the X3� and X5�
acoustic phonons in the P0 phase, and �c� structural parameters �cf.
Eq. �10�� for the C2 phase as functions of �. The vertical line
defines as a function of two subregions in which the tetragonal and
cubic structures are stable.
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It follows from our model that the phonon anomalies in
the cubic phase and the thermal displacement of the metal
atoms caused by the softening of the X3� acoustic phonon are
responsible for an increase in the �u2�V / �u2�N ratio with a
temperature decrease, in agreement with experiment. Since
atomic displacements forego the tetragonal distortion, we
conclude that phonon collapse can be accompanied by the
appearance of a peak in the temperature dependence of the
heat capacity.7 Here it should be noted that a similar feature
of a first-order phase transition was observed in the case of
CrN.24 As for substoichiomentric VNx, a lowering of the
Fermi level, relative the W3� level with a decrease in x, leads
to an increase in the frequencies of soft phonons. As a result,
the nitrogen vacancies stabilize the cubic structure. Thus, we
see that the suggested model of the structural transformation
in VNx correctly describes almost all the observations men-
tioned in Sec. I except for the existence of the low-
temperature triclinic phase. To successfully predict such a
phase, along with the total-energy contribution, the configu-
rational contribution to the free energy should be taken into
account. In conclusion, we note that our study of the phase
transition in VNx has a semiquantitative character since we
correlate in a phenomenological way the smearing parameter
� to temperature and vacancy composition: “an increase in �
implies a corresponding increase in temperature or vacancy
composition.” Nevertheless, such an approach that is based
on an analysis of the total energies of various structures as
functions of � enabled us to rather correctly describe the
main features of the complex phase transition in vanadium
nitride.

IV. CONCLUSIONS

In this paper we have shown that an approach based on
the Landau theory of phase transitions coupled to accurate
first-principles calculations of the electronic structure and
phonon properties enabled us to propose a plausible mecha-

nism for the cubic Fm3̄m to tetragonal P4̄2m phase transi-
tion in VNx at low temperatures. Soft X3� and X5� acoustic
modes for the high-temperature cubic phase are predicted. It
was shown earlier8 that the phonon anomalies in VN origi-
nated from electronic transitions between W3� states. We
show that the elastic instability arises from a coupling be-
tween the soft X3� acoustic mode and spontaneous volume

and tetragonal strains, indicating that the tetragonal P4̄2m
phase is improper ferroelastic. The quantitative analysis of
the energetics of the possible structures confirms this model.
The influence of temperature or nitrogen vacancies on the
phase transition in VNx is approximated by means of varying
the band-energy smearing parameter, �. It was shown that an
increase in � �that implies an increase in temperature or va-
cancy composition� shifts down the Fermi level, respective
to the W3� level, and causes a lattice expansion. As a result,
the frequency of the soft mode increases and the cubic struc-
ture stabilizes. This finding is consistent with the results of
the phonon spectrum calculations for the ordered substo-
ichiometric VN0.75 compound. An abrupt change in cell vol-
ume and structural parameters as functions of � suggests a
first-order transition. Since the structural transformation be-
gins as a second-order phase transition owing to a softening
of a X3� mode, an anomaly in the temperature dependence of
the heat capacity is expected. The calculated tetragonal phase
agrees fairly well with the experimental low-temperature
structure.
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